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The condition is necessary, for there is by definition an open neighbor-
hood W cz V of x, and as W is a union of sets GA, there is at least an index
IJL such that x e G^. The condition is sufficient, for if it is satisfied, and U is
an arbitrary open set, for each x e U, there is (by (1.4.5)) an index n(x) such
that x e G^(jc) c U, hence U c (J G^(JC) c U.

jceU

(3.9.4) In order that a metric space E be separable, a necessary and sufficient
condition is that there exist an at most denumerable basis for the open sets
ofE.

The condition is sufficient, for if (Gn) is a basis, and an a point of Gn,
every nonempty open set is a union of some Gn, hence its intersection with
the at most denumerable set of the an is not empty. Conversely, suppose
there exists a sequence (an) of points of E such that the set of points of that
sequence is dense; then the family of open balls B(<2n; l/m), which is at most
denumerable (by (1.9.3) and (1.9.2)) is a basis for the open sets of E. Indeed,
for each x e E and each r > 0, there is an index m such that l/m < r/2, and
an index n such that an e E(x; l/m). This implies that x e B(<2n; l/m); on the
other hand, if y e B(an; l/m), then d(x, y) ^ d(x, an) + d(an, y) ^ lira < r, so
that R(an; l/m) c E(x; r), which ends the proof (by (3.9.3)).

PROBLEMS

1.    Show that in a metric space E, the union of an open subset and of its exterior is every-
where dense.

2.    Show that in a separable metric space E, any family (UA)AeL of nonempty open sets
such that UA n U^ = 0 if A ^ /x,, is at most denumerable.

3.    Let A be a nonempty subset of the real line, B the set of points x e A such that there
is an interval ]jc, y[ with y > x which has an empty intersection with A. Show that B
is at most denumerable (prove that B is equipotent with a set of open intervals, no
two of which have common points).

4.    Let E be a separable metric space. A condensation point x of a subset A of E is a point
x e E such that in every neighborhood of x, there is a nondenumerable set of points
of A. Show that:

(a)    If A has no condensation point, it is denumerable (consider the intersections of A
with the sets of a basis for the open sets of E).

(b)    If B is the set of condensation points of a set A, show that every point of B is a
condensation point of B, and that A n (C B) is at most denumerable. (Observe that B
is closed, and use (a).)

5.    Show that from every open covering of a separable metric space, one can extract a
denumerable open covering.nct.
